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Abstract
New families of Molecular-Coherent-States are constructed by the
Perelomov group-method. Each family is generated by a Molecular-
Fundamental-State that depends on an arbitrary sequence of complex
numbers cj . Two of these families were already obtained by D.Janssen
and by J. A. Morales, E. Deumens and Y. O¨hrn. The properties of
these families are investigated and we show that most of them are
independent on the cj .
1 Introduction
Since their introduction by Schro¨dinger [1], the Coherent States of the Har-
monic Oscillator (C.S.H.O.) were extensively studied and used in many branches
of physics [2]. These states satisfy numerous properties, let us recall some of
them :
• 1) The C.S.H.O. constitute an (overcomplete) basis of non orthogonal
vectors of the Hilbert Space of the states of the harmonic oscillator H.
• 2) On this basis, the vectors of H are realized as entire analytical
functions of a complex variable.
• 3) The C.S.H.O. are eigenvectors of the annihilation operator.
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• 4) They minimize the uncertainty relations.
• 5) The mean values of the position and of the momentum on the
C.S.H.O. evolve in time like the corresponding classical quantities.
• 6) The C.S.H.O. have the temporal stability.
• 7) They are generated by the Heisenberg-Weyl group.
Their generalizations to others systems are constructed in order to verify
some of these properties, 1 and 2 being always required.
A fruitful generalization originating from the property 7 was given by
Perelomov who defined Coherent States related to other Lie Groups [3]. Ap-
plying the group-method to SU(2) [4], he constructed the Spin-Coherent-
States studied by Radcliffe [5][6].
In [7] and [8], Coherent-States ( C.S.) were found for the quantum me-
chanical top and for the description of molecular-rotations. These states
fulfill the two requirements 1 and 2 and are proved to satisfy the properties
4 and 5. We claim that the proof, based on some relations satisfied by these
C.S., is not valid because the property 6 is not fulfilled, i.e. a rotor in a C.S.
introduced in [7] and [8] does not remain in a C.S. when time evolves. We
come back in detail on this point in the following.
The main interest of the C.S. introduced in [7] and [8] and of the Spin-
Coherent-States is to constitute a suitable basis in various applications :
asymmetric top [13], forced rotation model [7], time dependent electron nu-
clear dynamics [8], partition function in a magnetic field [5], spin relaxation
process [14]· · · The C.S. are not unique and the purpose of this paper is to
construct new families of C.S. generalizing the states introduced in [7] and
[8], to study and compare their properties.
To begin, in Section (2), we recall some well-known properties of the
quantum rigid body in order to fix the notations. In section (3), we define
Molecular-Coherent-States (denoted in the following M.C.S.) as the result of
the action of group-operators on a Molecular-Fundamental State (denoted
in the following M.F.S.). The Lie Group acting is SU(2) ⊗ SU(2) and the
M.F.S. is a generalization of the fundamental vector used in [3]. A M.F.S.
is characterized by a sequence of complex numbers cj , that must verify two
conditions in order that the M.C.S. satisfy the requirements 1 and 2. A
large arbitrariness remains in the choice of the M.F.S., but once this choice
is done, the set of M.C.S. is uniquely defined. The C.S. defined in [7] and [8]
are recovered for two specific sequences of cj.
In section (4), we give the characteristic properties of the M.F.S., the
main result is that the choice of the cj does not play a prominent part in this
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study.
In section (5), all the results of the previous section are transformed by
the action of the group to set up the list of the characteristic properties of
the M.C.S.. The Z-representation is tackled and the representation of the
angular momentum as differential operators is given.
The conclusions are contained in the last section and the appendices
give some complements : the realization of the angular momentum on the
functions of the Euler angles and the representation of the bi-tensors on the
canonical basis.
2 Quantum Rigid Body
2.1 Laboratory and Molecular-Components of the An-
gular Momentum
For any quantum system, the components JL(0,1,2) of its angular momentum
~J ,
on a set of three mutually orthogonal laboratory-fixed axes are the generators
of the rotation group and verify the su(2)-algebra commutation relations :
[
JL+, J
L
−
]
= 2JL0 ,
[
JL0 , J
L
±
]
= ±JL± (1)
where the spherical coordinates are defined by J± ≡ J1 ± iJ2.
The top-hamiltonian reads
H =
2∑
i=0
Ai(J
M
i )
2 (2)
where JM(0,1,2) are the components of the angular momentum
~J on a set of
three mutually orthogonal axes moving with the system under a rotation.
The rotational constants Ai, inverse of the moments of inertia, characterize
the symmetry of the molecule. Writing the molecular-components JM as the
scalar product of ~J with a vector and using the characteristic commutation
relations of JL with the laboratory-components of a vector, we easily prove
that the JM satisfy the following commutation relations
[
JM+ , J
M
−
]
= −2JM0 ,
[
JM0 , J
M
±
]
= ∓JM± (3)
and that they commute with all the laboratory-components, symbolically :
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[
JL, JM
]
= 0 (4)
The Lie algebra A, generated by the JL and the JM is su(2) ⊗ su(2) with
the constraint J2 =
∑2
i=0(J
L
i )
2 =
∑2
i=0(J
M
i )
2.
Up to now, the rotations considered are the rotations of the body and of
the molecular-frame that keep fixed the laboratory-frame; they correspond
to unitary transformations RL of the states and observables of the quantum
system
RL(αL, βL, γL) = exp(−iαLJL0 ) exp(−iβLJL2 ) exp(−iγLJL0 ) (5)
Similarly, we can consider rotations of the body and of the laboratory-frame
that keep fixed the molecular-frame; the unitary operator RM associated to
these rotations are given by
RM(αM , βM , γM) = exp(−iαMJM0 ) exp(iβMJM2 ) exp(−iγMJM0 ) (6)
Due to (4), the laboratory-rotations, RL, and the molecular-rotations,
RM , commute.
2.2 Representation of JL and JM
The eigenvectors of the three operators J2, JL0 , J
M
0 constitute the basis of the
space of the canonical representation. We have :
J2 | j, k,m > = j(j + 1) | j, k,m >, j = 0, 1
2
, 1, · · ·
JLz | j, k,m > = m | j, k,m >, m = −j,−j + 1, · · · , j
JMz | j, k,m > = k | j, k,m >, k = −j,−j + 1, · · · , j
(7)
When j is fixed, the states | j, k,m > span the (2j + 1)2dimensional Hilbert
space hj .
The action of the operators on the canonical basis is given by :
JL± | j, k,m > =
√
(j ∓m)(j ±m+ 1) | j, k,m± 1 >
JM± | j, k,m > =
√
(j ± k)(j ∓ k + 1) | j, k ∓ 1, m >
(8)
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Let α, β, γ be the Euler angles relating the laboratory-frame and the
molecular-frame and satisfying, by convention,
0 ≤ α < 2π, 0 ≤ β ≤ π, −π ≤ γ < π. (9)
It is well known that the canonical representation can be realized on the
space of functions, C(α, β, γ), and that j must be an integer number in order
that the wave functions of a rigid molecule be single valued (see appendix
(7.1)).
In the following, we don’t restrict to this case and we construct the M.C.S.
spanning either H 1
2
≡ ⊕(j=0, 1
2
,1,···)hj or H1 ≡ ⊕(j=0,1,···)hj.
2.3 Bi-tensors
The components of a bi-tensor operator commute between themselves and
transform under the laboratory or the molecular-rotations according to the
formulas [15]
RLT
j,j′
q,q′R
−1
L =
j′∑
k′=−j′
T
j,j′
q,k′R
j′
k′q′, RMT
j,j′
q,q′R
−1
M =
j∑
k=−j
T
j,j′
k,q′R
j
kq (10)
where
R
j
mm′(α, β, γ) = exp(−iαm) exp(−iγm′)djmm′(β) (11)
and
d
j
m′m(β) ≡
√
(j −m′)!(j +m′)!(j −m)!(j +m)!
(
tan
(
β
2
))m−m′ (
cos
(
β
2
))2j
×∑ (−1)n
n!(j−m−n)!(j+m′−n)!(m−m′+n)!
(
tan
(
β
2
))2n
(12)
The resulting commutation relations read:
[
JL±, T
j,j′
q,q′
]
=
√
(j′ ∓ q′)(j′ ± q′ + 1)T j,j′q,q′±1,
[
JL0 , T
j,j′
q,q′
]
= q′T j,j
′
q,q′
[
JM∓ , T
j,j′
q,q′
]
=
√
(j ∓ q)(j ± q + 1)T j,j′q±1,q′,
[
JM0 , T
j,j′
q,q′
]
= qT j,j
′
q,q′
(13)
The hermitean adjoint is defined by
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(T †)jj
′
qq′ = (−1)q−q
′
T
jj′
−q−q′ (14)
We easily verify that (− 1√
2
JL+, J
L
0 ,
1√
2
JL−) is a bi-tensor J
0,1 and that
(− 1√
2
JM− , J
M
0 ,
1√
2
JM+ ) is a bi-tensor J
1,0.
In the following, we call bi-spinor S the bi-tensor T
1
2
, 1
2 and bi-vector V the
bi-tensor T 1,1. The components of S and V are represented on the canonical
basis in the Appendix 7.2.
3 Coherent States
3.1 Definitions
Definition Let c0 6= 0, c 1
2
, c1 · · · , be an arbitrary sequence of complex num-
bers, a Molecular-Fundamental-State (M.F.S.), is a state of H 1
2
of the form :
| z >≡∑
j
cjz
j | j,−j,−j >, z ∈ C, ∑
j
≡ ∑
j=0, 1
2
,1···
(15)
The M.F.S. is the analogous of the fundamental vector generating the Spin
C.S. in [3] and constitutes the main ingredient of the group-construction of
the M.C.S. proposed in this paper. In order that the M.F.S. belongs to the
Hilbert space H 1
2
, the coefficients cj and the complex variable z must satisfy
the following condition
< z | z >≡ N(| z |2) =∑
j
| cj |2| z |2j<∞ (16)
Let us remark that | z > belongs to H1, if cj = 0 when j take half-integer
values.
Applying the group-method [3] to the group SU(2)⊗ SU(2), we define
Definition The Molecular-Coherent-States are the states resulting from
the action of the laboratory-rotations RL and of the molecular-rotations RM
upon the M.F.S.(15) and spanning H 1
2
(or H1 when | z >∈ H1).
Let us denote
DL(ζL) = e
ζLJ
L
+eηLJ
L
0 e−ζLJ
L
−, ηL = ln(1+ | ζL |2) (17)
Writing RL(αL, βL, γL) as the product of DL(− tan βL2 e−iαL) by e−i(αL+γL)J
L
0 ,
we notice that the last term of this product transforms the M.F.S. | z >
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into | zei(αL+γL) >, and therefore that two laboratory-rotations only differing
by this last term give the same M.C.S.. The same holds for the molecular-
rotations.
Therefore, analogously to SU(2), a M.C.S. system is constructed by ap-
plying on the M.F.S.(15) the operators DL defined in (17) and DM defined
by :
DM(ζM) = e
ζMJ
M
− eηMJ
M
0 e−ζMJ
M
+ , ηM = ln(1+ | ζM |2) (18)
A M.C.S. then is of the form
| Z >= DL(ζL)DM(ζM) | z > (19)
Obviously, the norms of | Z > and | z > are both equal to
√
N(| z |2) and
the M.C.S. exist if the sequence cj and the complex parameter z verify (16).
The explicit calculation of (19) gives the decomposition of the M.C.S. on
the canonical basis
| Z >= ∑
jkm
σ
j
kσ
j
mζ
j+m
L ζ
j+k
M z
jcj(1+ | ζL |2)−j(1+ | ζM |2)−j | jkm > (20)
with the notations
∑
jkm
≡
∞∑
j=0
j∑
m=−j
j∑
k=−j
and σjk ≡
√√√√ (2j)!
(j − k)!(j + k)! . (21)
Definition A c-set is a set of M.C.S. defined by (15) and (19) and corre-
sponding to a given sequence cj .
The parameter Z = (z, ζL, ζM , ) is such as ζL and ζM belong to the whole
complex plane C, z is eventually restricted by (16).
The scalar product of two M.C.S. of a c-set is given by
< Z ′ | Z >= N
(
(1 + ζ ′LζL)
2(1 + ζ ′MζM)
2z′z
(1+ | ζL |2)(1+ | ζM |2)(1+ | ζ ′L |2)(1+ | ζ ′M |2)
)
(22)
We illustrate each step of the present study with eight examples.
♣ In the following examples, all the representations occur in the decom-
position of the M.C.S. over the canonical basis.
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cj , j integer or half-integer N(| z |2)
1 1√
(2j)!
e|z|, ∀ | z |
2
√
2j+1
2
1√
(2j)!
1
2
(1+ | z |)e|z|, ∀ | z |
3 (2j + 1)
√
j + 1 3|z|+2
2(1−|z|)4 , | z |< 1
4 (2j + 1)
3
2
|z|2+4|z|+1
(1−|z|)4 , | z |< 1
Let us stress that :
The M.C.S. 1 were previously studied by D.Janssen [7] who arbitrarily
assumed the values of the cj . In [11], [10] [12] and [14], these specific values of
the cj are obtained for the linear rotor (k = 0) by using the Schwinger’method
for the construction of the angular momentum algebra .
The M.C.S.3 and the M.C.S.4 only exist if | z |< 1.
♣ In the following examples, the coefficients are such that cj = 0 when
j is an half-integer number, the M.C.S. only depend on odd-dimensional
representations and belong to H1.
cj, j integer N(| z |2)
5 1√
j!
e|z|
2
, ∀ | z |
6 2j+1√
j!
(4 | z |4 +8 | z |2 +1)e|z|2, ∀ | z |
7 (2j + 1)
√
j + 1 9|z|
4+14|z|2+1
(1−|z|2)4 , | z |< 1
8 (2j + 1)
3
2
(1+|z|2)(|z|4+22|z|2+1)
(1−|z|2)4 , | z |< 1
The M.C.S.5 were previously introduced by Jorge A. Morales, Erik Deu-
mens and Yngve O¨hrn who analyze the results occuring when the half-integer
values of j are discarded from the study of Janssen [8].
The M.C.S.7 and the M.C.S.8 only exist if | z |< 1.
3.2 Resolution of unity
We impose that the set of M.C.S. span H 1
2
(resp. H1) and verify a resolution
of unity
1
π3
∫ ∫ ∫
dzdz
dζLdζL
(1+ | ζL |2)2
dζMdζM
(1+ | ζM |2)2f(| z |
2) | Z >< Z |= 1 (23)
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where the operator 1 is the unity in H 1
2
(resp. in H1). The measures in the
ζL and ζM -integrations are the SU(2)- invariant measures and the measure
f(| z |2) must be determined. The calculation of the expression (23) between
two states | jkm > and | j′k′m′ > shows that the weight-function f(x) is the
Mellin-inverse of the function fˆ such as :
∫
dxf(x)xj =
(2j + 1)2
| cj |2 ≡ fˆ(j), j ∈ 2N (resp.j ∈ N) (24)
The existence of f(x) and therefore of the resolution of the identity only
depends on the choice of the coefficients cj .
Result : The resolution of the identity (23) exists if the sequence cj is
such that the function fˆ defined by (24) is the Mellin transform of a function
f .
A large arbitrariness remains in the choice of the cj. Reciprocally, any
function leading to finite momenta gives a sequence cj using (24)and then a
family of M.C.S. provided that the set of z verifying (16) is not reduced to
0.
Let us remark that we cannot restrict the complex variable z to be on
a circle because Formula (24) then implies that | z |2j | cj |2= (2j + 1)2 and
then that the norm of the M.C.S. is infinite.
In the following table, we give the measure f(x) corresponding to the
eight examples illustrating the construction.
f(| z |2)
1 1
2
(| z | −1)e−|z|
2 e−|z|
3 θ(1− | z |)
4 θ(1−|z|)
2|z|
5 (4 | z |4 −8 | z |2 +1)e−|z|2
6 e−|z|
2
7 θ(1− | z |)
8 θ(1−|z|)
2|z|
θ(x) is the Heaviside-function equal to 1 when x > 0 and to 0 when x < 0.
Let us remark that the measures are strictly positive except f1(x) and f5(x),
previously obtained by [7] and [8].
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Formula (23) implies the existence of a reproducing kernel < Z | Z ′ >.
To conclude, due to the existence of a resolution of unity, we are able to
decompose any state | ψ > on the overcomplete basis of the M.C.S.. This
gives the Z-representation of A.
3.3 Z-Representation
In the Z-Representation, an arbitrary state of H 1
2
of the form | ψ >=∑
jkm cjkm | jkm >, corresponds to a continuous function ψ(Z) ≡< Z | ψ >
of the three complex variables ζ, ζL and ζM where ζ is defined by
ζ =
ζLζMz
(1+ | ζL |2)(1+ | ζM |2) (25)
Using the expression (19), we obtain
ψ(Z) =< Z | ψ >
=
∑
jkm cjkmσ
j
mσ
j
kζ
m
L ζ
k
Mcjζ
j (26)
The function associated to the M.F.S. | z0 > is N
(
z0z
ζLζM
)
, where N is the
norm-function introduced in (16). In this representation, the components of
~J , obtained by calculating < Z | J | j, k,m >, don’t depend on the sequence
cj and take the very simple form :


JL− =
1
ζL
(ζ∂ζ + ζL∂ζL)
JL+ = ζL(ζ∂ζ − ζL∂ζL)
JL0 = ζL∂ζL
(27)
and


JM+ =
1
ζM
(ζ∂ζ + ζM∂ζM )
JM− = ζM(ζ∂ζ − ζM∂ζM )
JM0 = ζM∂ζM
(28)
These expressions can be used to calculate the matrix elements < Z | T |
Z ′ > when T is a polynomial of the components of ~J they are obtained by
differentiating the norm-function. Let us remark that due to the specific
ranges of the parameters j, k,m given in (21), the space of the functions
occurring in (26) is a subspace of C(ζ, ζL, ζM) and that the operators J+ and
J− are not adjoint in the whole space but only in the subspace.
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The expression of < Z | S | j, k,m > involves coefficients such as √j, · · ·
that correspond to undefined operators
√
ζ∂ζ and then the bi-spinor is not
a differential operator. In the Z-representation, all the operators B can be
determined by the diagonal elements < Z | B | Z >. We give the expressions
of these quantities when B is a component of ~J , S and V in Section (5).
To end let us give an application of the Z-representation, the study of
the asymmetric-top. Replacing (28) in the Hamiltonian (2), we find that the
stationary wave functions satisfy a differential equation in the complex vari-
able ζM , this equation was previously obtained and studied by Pavlichenkov
[13].
4 Properties of the Molecular-Fundamental-
States
The M.C.S. being obtained by the action of rotations upon the M.F.S., the
study of their properties is simpler if deduced from the properties of the
M.F.S.. Let us stress that in the following, the sequence cj is not specified,
moreover we shall see that, except for explicit calculations, the specific choice
of this sequence does not play an important part.
4.1 Action of the angular momentum on the M.F.S.
From now on, we discard the label L or M of the components when the
formulas hold in both cases. Let us define the operator Λ by its action on
the canonical basis
Λ | j, k,m >= j | j, k,m > (29)
Λ commutes with all the generators of A.We easily prove that
J0 | z >= −Λ | z >, JL− | z >= 0, JM+ | z >= 0 (30)
and that
(J2 + J0(1− J0)) | z > = (JL−JL+ + 2J0) | z >
= (JM+ J
M
− + 2J0) | z > = 0 (31)
Let us remark that Relations (30) and (31) do not depend on the sequence
cj.
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4.2 Mean values of the angular momentum
We calculate
< z′ | J± | z >=< z′ | J1 | z >=< z′ | J2 | z >= 0 (32)
and
< z′ | J0 | z >=
∑
(−j) | cj |2 (zz′)j = −(zz′)N ′(zz′) (33)
The mean values of the square of the components are given by :
< z′ | 2(J1)2 | z >=< z′ | 2(J2)2 | z >= − < z′ | J0 | z > (34)
and
< z′ | (J0)2 | z >= (zz′)(zz′N ′′(zz′) +N ′(zz′)) (35)
It results that
< z′ | J2 | z >= zz′
(
zz′N ′′(zz′) + 2N ′(zz′)
)
(36)
Let < T >z be the expectation value of the operator T in the M.F.S.
| z >,
< T >z≡ < z | T | z >
< z | z > (37)
from (32) and (33), it results that
< J± >z = 0
< J0 >z = − | z |2 N ′(|z|2)N(|z|2)
< J2 >z =| z |2
(
| z |2 N ′′(|z|2)
N(|z|2) + 2
N ′(|z|2)
N(|z|2)
)
(38)
Result : The vector of components < JL0,1,2 >z (resp. < J
M
0,1,2 >z) lies
on the x0-axis of the laboratory-frame (resp. of the molecular-frame), this
property is independent of the choice of the sequence cj .
We calculate the mean values given in (38) for our eight examples. The
cases 1 and 5 were previously obtained in [7] and [8].
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< J0 >z < J
2 >z
1 −1
2
| z | 1
4
| z | (3+ | z |)
2 −1
2
| z | |z|+2|z|+1 14 | z | |z|
2+6|z|+6
|z|+1
3 −1
2
| z | 9|z|+11
(1−|z|)(3|z|+2)
1
4
| z | 9|z|2+58|z|+33
(1−|z|)2(3|z|+2)
4 − | z | |z|2+7|z|+4
(1−|z|)(|z|2+4|z|+1) | z | 6(|z|
2+3|z|+1)
(1−|z|)2(|z|2+4|z|+1)
5 − | z |2 | z |2 (| z |2 +2)
6 − | z |2 4|z|4+16|z|2+9
4|z|4+8|z|2+1 | z |2 (| z |2 +2)4|z|
4++24|z|+9
4|z|4+8|z|2+1
7 − | z |2 6(3|z|
4+10|z|2+3)
(1−|z|2)(9|z|4+14|z|2+1) | z |2
6(3|z|6+32|z|4+39|z|2+6)
(1−|z|2)2(9|z|4+14|z|2+1)
8 − | z |2 |z|6+49|z|4+115|z|2+27
(1−|z|4)(|z|4+22|z|2+1) | z |2 6(9|z|
4+62|z|2+9)
(1−|z|2)2(|z|4+22|z|2+1)
4.3 Uncertainty Relations
The uncertainty relations read
< (∆J1)
2 >z < (∆J2)
2 >z≥ 1
4
< J0 >
2
z, circ.perm.. (39)
where the fluctuation of the operator T is defined by ∆T = T− < T >z.
From (34), we get :
< (∆J1)
2 >z < (∆J2)
2 >z=
1
4
< Jz >
2
z (40)
The M.F.S. minimize one of the uncertainty relations. The two others are
minimum if
0 =< (∆J1)
2 >z < (∆J0)
2 >z=< (∆J2)
2 >z < (∆J0)
2 >z=
= (zz
′)2N ′(zz′)
2(N(zz′))3
(
N(zz′)(zz′N ′′(zz′) +N ′(zz′))− zz′(N ′(zz′))2
) (41)
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that gives xN(x)N ′′(x) − x(N ′(x))2 + N(x)N ′(x) = 0. The solution of this
equation of the form (16) is the monomial xl, with 2l ∈ N . It results that
the sequence cj is restricted to one element cj = δjl and that the M.C.S. span
hl, the resolution of unity does not exist in H 1
2
(or H1).
Result : The M.F.S. minimize one, and only one, of the uncertainty
relations, this property is independent of the choice of the sequence cj.
4.4 Equation of motion
When the evolution is defined by the hamiltonian (2), the molecular-components
of the angular momentum, in the Heisenberg representation, are time-dependent
whereas their mean values on the M.F.S. are time-independent. The mean
values of the angular momentum do not evolve as the classical angular ve-
locity of the rotor.
4.5 Expectation values of the bi-spinor S and of the
bi-vector V
Using the representation (75) and (74), we easily prove that < S−+ >z and
< S+− >z are equal to 0 for all sequence cj and that
< z | S−− | z >=
∑
j
cj+ 1
2
cjz
j+ 1
2 zj
√
2j + 1
2j + 2
= < z | S++ | z > (42)
Result : The < Sqq′ >z form a 2 × 2 diagonal-matrix that reduces to
the 0-matrix when the representation space is H1, this result is independent
on the sequence cj.
Only the explicit expressions (42) of the diagonal elements depend on the
sequence. In the example 4, the diagonal element are explicitly calculated :
< S−− >z= 2z
1
2
1+2|z|
|z|2+4|z|+1 .
The mean values of the operators Vqq′ on the M.F.S. are calculated by
utilizing the expressions (76 · · · 80), the non-diagonal elements < Vqq′ >z are
equal to 0 and the diagonal elements are given by
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< z | V−− | z > = ∑j cj+1cjzj+1zj√2j+12j+3
= < z | V++ | z >
< z | V00 | z > = −∑j jj+1 | cj |2| z |2j
(43)
Result : < V >z is a 3×3 diagonal-matrix, two of the diagonal elements
are complex conjugate and the third one is real; this result does not depend
on the sequence cj.
Only the explicit expressions of the diagonal elements depend on the
choice of the sequence. In the examples 4 and 8, the calculations of (43) give
< V−− >z < V00 >z
4 z−|z|
2+4|z|+3
|z|2+4|z|+1
|z|2(−2|z|3+|z|2−6|z|+1)−2(log(1−|z|)−|z|)
|z|2(1−|z|)4
8 z−|z|
8+8|z|6+110|z|4+240|z|2+27
(1−|z|4)(|z|4+22|z|2+1)
−19|z|8+5|z|6−41|z|4+7|z|2−(1−|z|2)4 log(1−|z|2)
|z|2(1+|z|2)(|z|4+22|z|2+1)
(44)
Similar results hold for bi-tensors of higher equal rank.
To end, let us stress that it is difficult to study the uncertainty relations
between the angular momentum and the bi-tensors S and V , and in particular
to find the sequence cj that minimizes any of them.
In the following section, we show that all the properties of the M.F.S.
have a counterpart for the M.C.S.
5 Properties of the Coherent States
5.1 Action of the angular momentum on the M.C.S.
First, we remark that a M.C.S. is not transformed into a M.C.S. by the
components of ~J . The operator DL(ζL)DM(ζM) transforms the angular mo-
mentum ~J in a vector, the laboratory and molecular-components of which
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are :
DL(ζL)J
L
q′D
−1
L (ζL) ≡ JLq′(ζL), DM(ζ,M)JMq D−1M (ζM) ≡ JMq (ζM) (45)
From (19) and (30), we obtain :
JL0 (ζL) | Z >= JM0 (ζM) | Z >= −Λ | Z > (46)
Let us remark that the action of the operators JL0 (ζL) and of J
M
0 (ζM) trans-
forms the set of M.C.S. associated to the sequence cj into the set of M.C.S.
associated to the sequence jcj and that these two sets of M.C.S. correspond
to the same domain of the complex plane z. Formula (46) can be written on
the form :
(1
2
e−iϕL sin θLJL+ + cos θLJ
L
0 +
1
2
eiϕL sin θLJ
L
−) | Z > = −Λ | Z >
= (cosϕL sin θLJ
L
1 + sinϕL sin θLJ
L
2 + cos θLJ
L
0 ) | Z > = (~nL(ζL). ~J) | Z >
(47)
An analogous relation holds for the molecular-components of ~J . We write
these relations in a more compact form :
(
Λ + ~nM(ζM). ~J
)
| Z >=
(
Λ + ~nL(ζL). ~J
)
| Z >= 0 (48)
The operator ( ~J.~nL(ζL)) (resp. ~n
M(ζM). ~J) is the projection of the an-
gular momentum ~J on the vector ~nL(ζL) (resp. ~n
M(ζM)) , the laboratory-
components(resp. molecular-components) of which are (cosϕL sin θL, sinϕL sin θL,
cos θL) ( resp. (cosϕM sin θM , − sinϕM sin θM , cos θM )). This vector ~nL(ζL)
(resp. ~nM(ζM)) is the transformed of the unit vector of the x0-axis of the
laboratory ( resp. molecular) frame by DL(ζL) (resp. DM(ζM)).
Result : The projections of the angular momentum ~J on the two
vectors ~nL(ζL) and ~n
M(ζM) transform a M.C.S. belonging to some c-set into
the same M.C.S. that do not belong to this c-set.
From (31) we get
JL−(ζL) | Z > = (ζ2LJL+ − 2ζLJL0 − JL−) | Z > = 0
JM+ (ζM) | Z > = (ζ2MJM− − 2ζMJM0 − JM+ ) | Z > = 0
(49)
The first relation was already obtained in [3] for the spin C.S..
Remark : All the relations obtained in this subsection are independent
on the sequence cj.
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5.2 Laboratory and Molecular-rotations
Let us put the product of the two laboratory-rotations on the form
RL(αL, βL, γL)D(ζL) = DL(RL.ζL)e
iλJL0 (50)
where
RL.ζL =
uLζL + vL
uL − vLζLand e
iλ =
(
uL − vLζL
uL − vLζL
)
(51)
We have denoted uL = e
−iαL+γL
2 cos βL
2
and vL = e
i
αL−γL
2 sin βL
2
.
The action of the laboratory-rotation on the M.C.S.(19) result from (50)
RL(αL, βL, γL) | Z > = ∑j cjzj (uL−vLζLuL−vLζL
)j
D
j
L(RL.ζL)D
j
M(ζM) | j,−j,−j >
= DL(RL.ζL)D
j
M(ζM) | RL.z >
(52)
where
RL.z = z
uL − vLζL
uL − vLζL
(53)
This result reads
RL(αL, βL, γL) | z, ζL, ζM >=| RL.z, RL.ζL, ζM > (54)
Let us remark that
- the M.F.S. | z > and | RL.z > correspond to the sequence cj, the
laboratory-rotations RL(αL, βL, γL) transform a M.C.S. of a c-set into a
M.C.S. of the same c-set.
- due to the equality | z |=| RL.z |, the norms of the two M.C.S. | Z >
and RL | Z > are equal.
Obviously, we get the analogous result for the action of molecular-rotations
RM that act in one c-set according to the formula :
RM(αM , βM , γM) | z, ζL, ζM >=| RM .z, ζL, RM .ζM > (55)
where the transformed complex variables RM .z and RM .ζM are given by the
formulas obtained by replacing the label L by M in (51) and (53). The
molecular-rotations play a crucial part in the study of the symmetry of the
molecule that will be the subject of a forthcoming paper.
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5.3 Expectation values of the angular momentum
The rotations transform a bi-tensor T jj
′
qq′ into the operators
DL(ζL)DM(ζM)T
jj′
qq′D
−1
L (ζL)D
−1
M (ζM) ≡ T jj
′
qq′ (ζM , ζL) (56)
that satisfy the commutation relations (13) in which the angular momentum
is replaced by the transformed angular momentum (45). From(10) and (19),
one deduces
< z | T jj′qq′ | z > =< Z | T jj
′
qq′ (ζM , ζL) | Z >
=
∑j′
k′=−j′
∑j
k=−j D˜
j
qk(ζM) < Z | T jj
′
kk′ | Z > Dj
′
k′q′(ζL)
(57)
Let < T >Z denote the expectation value of T in the state | Z >, namely
<Z|T |Z>
<Z|Z> . We have
< T >z=< T (ζM , ζL) >Z= D˜(ζM) < T >Z D(ζL) (58)
Let us apply the previous result to the case of the bi-tensor T 01 and T 10.
From (58) and (38), we deduce that :
♣ The vector < JL0,1,2(ζL) > lies along the x0-axis of the laboratory-
frame. Analogously, the vector < JM0,1,2(ζM) > lies along the x0-axis of the
molecular-frame.
♣ Remembering that (− 1√
2
JL+, J
L
0 ,
1√
2
JL−) is a bi-tensor J
01
0q′, the calcula-
tion of < Z | JLq′ | Z > is done by using (58), we obtain
< Z | J01q′ | Z > =
∑1
−1 < z | J01k′ | z > D1k′q′(−ζL)
< J01q′ >Z =< J0 >z D
1
0q′(−ζL)
(59)
We verify that the vector < JLq′ >Z is parallel to the previously introduced
vector nLq′(ζL) = D
1
0q′(−ζL). This result was obtained in [7] and [8], but it is
interesting to point out that this result holds for any c-set of M.C.S. Only
the length of the vector depends on the choice of coefficients cj and of the
value of z.
♣ Similarly, the calculation of < Z | JMq′ | Z > is performed by applying
(58) to the bi-tensor J10q0 = (− 1√2JM− , JM0 , 1√2JM+ )
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< Z | J10q | Z > =
∑1
−1 < z | J10k | z > D1kq(−ζM)
< J10q >Z =< J0 >z D
1
0q(−ζM)
(60)
The vectors < JM >Z and ~n
M(ζM) are parallel. This result does not depend
on the c-set considered.
Let us remark that the norms of the vectors < ~JM >Z and < ~J
L >Z
are both equal to the absolute value of < J0 >z= − | z |2 N ′(|z|2)N(|z|2) . The
expectation values of the Casimir operator J2 on the M.F.S. and on the
M.C.S. are equal, from (??), we have :
< J2 >Z=| z |2
(
| z |2 N
′′(| z |2)
N(| z |2) + 2
N ′(| z |2)
N(| z |2)
)
(61)
Result : Interpretation of Z
The angles θL and ϕL (resp. θM and ϕM) define the direction of the
vector < JLq′ >Z (resp. < J
M
q >Z) in the laboratory(resp. molecular) frame.
The modulus | z | and the choice of the cj are related to the length of these
vectors and to the mean values of J2.
5.4 Uncertainty Relations
The transformed operators JLi (ζL) and J
M
i (ζM) satisfy the same commuta-
tion relations (1) and (3) as JLi and J
M
i . Therefore their fluctuations obey the
same inequalities (39). We easily verify that < (∆ ~J)2 >z=< (∆ ~J(ζ))
2 >Z .
From the equality (40), we establish that the M.C.S. minimize two uncer-
tainty relations, namely
< (∆JL1 (ζL))
2 >Z< (∆J
L
2 (ζL))
2 >Z=
1
4
(
< JL0 (ζL) >Z
)2
(62)
and
< (∆JM1 (ζM))
2 >Z< (∆J
M
2 (ζM))
2 >Z=
1
4
(
< JM0 (ζM) >Z
)2
(63)
The M.C.S. do not minimize the uncertainty relations involving the JLi and
JMi , as studied by [7] [8], but verify two equalities (62) and (63) involving
the transformed operators JLi (ζL) and J
M
i (ζM). A similar result occurs for
the spin C.S.[3].
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5.5 Expectation values of the bi-spinor and the bi-
vector
It results from Formula (58) that the two matrices < S(ζM , ζL) >Z and
< V (ζM , ζL) >Z are diagonal and that
< Z | Sqq′ | Z >=
∑
k′=(− 1
2
, 1
2
)
∑
k=(− 1
2
, 1
2
)
R˜
1
2
qk(−ζM) < z | Skk′ | z > R
1
2
k′q′(−ζL)
(64)
The matrix < S >Z then is the product of one matrix R˜
1
2 (−ζM) only depend-
ing on ζM , one diagonal matrix < S >z only depending on the coefficients cj
and on z, and one matrix R
1
2 (−ζL) only depending on ζL.
Similarly, applying the formula(58) to the bi-vector, we get
< Z | Vqq′ | Z >=
∑
k′=(−1,1)
∑
k=(−1,1)
R˜1qk(−ζM) < z | Vkk′ | z > R1k′q′(−ζL)
(65)
Therefore the matrix < V >Z is the product of R˜
1(−ζM) by the diagonal
matrix < V >z and by R
1(−ζL), < V >z depends on the coefficients cj and
on z.
These results can be extended to bi-tensors of higher equal rank.
In conclusion, we have obtained the decomposition of the bi-spinor matrix
< S >Z and of the bi-vector matrix < V >Z in terms of three matrices, each
of these matrices only depends on one complex variable z, ζL or ζM .
5.6 Evolution equation
♣ Rotor Let us consider a quantum rigid molecule described by the hamil-
tonian (2). In the Schro¨dinger representation, the evolution of the M.C.S.
| Z > is given by eiHt | Z > that obviously is not a M.C.S. A top in a M.C.S.
does not remain in a M.C.S. All the demonstrations of [7] and [8], based on
the properties of the M.C.S. are not valid at a time t 6= 0. In particular, the
expectation values < JiJk + JkJi > are not equal to 2 < Ji >< Jk > when
t 6= 0 and the evolution equations of the expectation values of the angular
momentum are not classical.
Remarks : For the spherical rotor (A1 = A2 = A3),
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- the M.C.S. corresponding to a sequence cj become the M.C.S. corre-
sponding to a sequence cje
it
j(j+1)
A during the motion,
- the expectation values of all the components of the angular momentum
are constant and then correspond to the classical rotation vector.
- Following [9], we obtain M.C.S. that have the temporal stability by
replacing zj by | z |j ejτ(j+1) in (15).
♣ Temporal stability of (19)
We look for an Hamiltonian H♮ such that, in the Schro¨dinger represen-
tation, the system is described by the state | Z(t) >≡| z(t), ζL(t), ζM(t) >.
Using the definition (19) of the M.C.S. and the expressions of the compo-
nents of ~J given in Section (3.3), we prove that the evolution equation of the
state is of the form :
i∂t | Z(t) >= H♮ | Z(t) >
=
(
i(aLJL+ − aLJL−) + aL0 JL0 + i(aMJM+ − aMJM− ) + aM0 JM0
)
| Z(t) >
(66)
The complex variables ζL(t) and ζM(t) defining the M.C.S. are related to the
coefficients a occurring in the hamiltonian H♮ :
ζ˙L(t) = a
L + aLζ2L(t)− iaL0 ζL(t), (67)
and
ζ˙M(t) = a
M + aMζ2M(t)− iaM0 ζM(t) (68)
The complex variable z(t) must be of the form ze−iσ(t) in order that the H♮
be hermitean and σ(t) must verify
σ˙(t) = i
(
aLζL(t)− aLζL(t)
)
− aL0 + i
(
aMζM(t)− aMζM(t)
)
− aM0 (69)
Writing H♮ on the form
∑
i h
L
i J
L
i , we deduce that this equation describes
the motion of a rigid body in a magnetic field hLi , that depends on the
time through the coefficients a and of the position of the rigid body in the
laboratory through the molecular-components JM .
Let us stress that the state | Z(t) > being a M.C.S., the expectation
values of the components of ~J take the form (59) and (60):
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< Z(t) | JLi | Z(t) >=< J0 >z νLi (t), < Z(t) | JMi | Z(t) >=< J0 >z νMi (t)
(70)
where the vectors ~nu
L(t) and ~νM (t) verify classical equations of motion. This
generalizes the result of Perelomov [4] for su(2).
In the previous reasoning, the cj are time-independent. When the cj
depend on t, the hamiltonian H♮ contains an extra term that is a function of
the Casimir operator J2 and of t.
6 Conclusion
Molecular-Coherent-States are constructed by transforming Molecular-Fundamental-
States by laboratory and molecular-rotations. A M.F.S. is assumed to be a
linear combination of the form (15) in which the coefficients cj have to verify
two conditions in order that the M.C.S. satify the properties :
• 1) The M.C.S. constitute an (overcomplete) basis of non orthogonal
vectors of H 1
2
(or eventually H1).
• 2) The vectors of H 1
2
are realized as continuous functions of three com-
plex variables in section (3.3).
We have established the list of properties of the M.C.S., in analogy to
that given in the introduction for the C.S.H.O :
• 3) The four operators defined in (48) and (49) transform the M.C.S.
into 0.
• 4) The M.C.S. minimize two uncertainty relations (62) and (63).
• 5) The expectation values of the components of the angular momentum
evolve classically for a molecule in a magnetic field.
• 6) For such a quantum system, the temporal stability is verified. When
time evolves, a M.C.S. remains a M.C.S.. However, this is not true for the
top-hamiltonian (2) contrary to what was claimed by [7] and [8].
• 7) By construction, the M.C.S. are generated by the group of laboratory
and molecular-rotations.
We have seen that the prominent part in the group-construction of the
M.C.S. is played by the M.F.S.. All the calculations involving M.C.S. are
reduced to simpler ones involving M.F.S.. In particular, we easily establish
that the matrices of the expectation values of the bi-spinor and the bi-vector
are decomposed into the product of two rotations and a diagonal matrix.
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To conclude, let us stress the following results :
-the choice of the M.F.S. is the only arbitrariness of the group-construction
of the M.C.S.,
- the fact that the M.F.S. are expressed in terms of the vectors | j,−j,−j >
play a crucial part in the establishment of all the properties,
- these properties are true for any sequence cj , and we were not able to
distinguish and choose a specific sequence and then a more prominent M.F.S..
Therefore, we can choose in each problem the more convenient basis.
7 Appendix
7.1 Realization in C(α, β, γ)
In the space of the functions of the Euler angles, C(α, β, γ), the laboratory
and the molecular-components of the angular momentum take the form :
JL+ = i exp(iα)
(
cot β∂α − i∂β − 1sinβ∂γ
)
JL− = i exp(−iα)
(
cot β∂α + i∂β − 1sinβ∂γ
)
JL0 = −i∂α
(71)
and
JM+ = −i exp(−iγ)
(
cot β∂γ + i∂β − 1sinβ∂α
)
JM− = −i exp(iγ)
(
cotβ∂γ − i∂β − 1sinβ∂α
)
JM0 = −i∂γ
(72)
The states | j, k,m > are represented by the functions
< α, β, γ | jkm >= R∗jmk(α, β, γ) =
√
2j + 1 exp(imα) exp(ikγ)djmk(β)
(73)
where the Rjmk were defined in (11) and (12). The functions are singled
valued if j, k and m are integer numbers.
A M.F.S. is realized as a function of the variable ze−i(α+γ) cos2 β
2
.
7.2 Representation of S and V
Using the formulas (13) and (8), we obtain the actions of all the components
of S on the canonical basis from one of them. We get :
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S+± | j, k,m > =
√
(j±m+1)(j+k+1)√
2(j+1)(2j+1)
| j + 1
2
, k + 1
2
, m± 1
2
>
±
√
(j∓m)(j−k)√
2j(2j+1)
| j − 1
2
, k + 1
2
, m± 1
2
>,
(74)
S−± | j, k,m > =
√
(j±m+1)(j−k+1)√
2(j+1)(2j+1)
| j + 1
2
, k − 1
2
, m± 1
2
>
∓
√
(j∓m)(j+k)√
2j(2j+1)
| j − 1
2
, k − 1
2
, m± 1
2
>,
(75)
The components of V act on the canonical basis according to the formu-
las :
V−± | j, k,m > =
√
(j±m+1)(j±m+2)(j−k+1)(j−k+2)
2(j+1)
√
(2j+1)(2j+3)
| j + 1, k − 1, m± 1 >
∓
√
(j∓m)(j±m+1)(j−k+1)(j+k)
2(j+1)j
| j, k − 1, m± 1 >
+
√
(j∓m−1)(j∓m)(j+k−1)(j+k)
2j
√
(2j+1)(2j−1) | j − 1, k − 1, m± 1 >
(76)
V+± | j, k,m > =
√
(j±m+1)(j±m+2)(j+k+1)(j+k+2)
2(j+1)
√
(2j+1)(2j+3)
| j + 1, k + 1, m± 1 >
±
√
(j±m+1)(j∓m)(j+k+1)(j−k)
2(j+1)j
| j, k + 1, m± 1 >
+
√
(j∓m−1)(j∓m)(j−k−1)(j−k)
2j
√
(2j+1)(2j−1) | j − 1, k + 1, m± 1 >
(77)
V±0 | j, k,m > =
√
(j−m+1)(j+m+1)(j±k+1)(j±k+2)
√
2(j+1)
√
(2j+1)(2j+3)
| j + 1, k ± 1, m >
∓m
√
(j∓k)(j±k+1)√
2(j+1)j
| j, k ± 1, m >
−
√
(j−m)(j+m)(j∓k−1)(j∓k)
√
2j
√
(2j+1)(2j−1) | j − 1, k ± 1, m >
(78)
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V0± | j, k,m > =
√
(j±m+1)(j±m+2)(j−k+1)(j+k+1)
√
2(j+1)
√
(2j+1)(2j+3)
| j + 1, k,m± 1 >
∓k
√
(j∓m)(j±m+1)√
2(j+1)j
| j, k,m± 1 >
−
√
(j∓m−1)(j∓m)(j−k)(j+k)
√
2j
√
(2j+1)(2j−1) | j − 1, k,m± 1 >
(79)
V00 | j, k,m > =
√
(j−m+1)(j+m+1)(j−k+1)(j+k+1)
(j+1)
√
(2j+1)(2j+3)
| j + 1, k,m >
+ mk
(j+1)j
| j, k,m >
+
√
(j−m)(j+m)(j−k)(j+k)
j
√
(2j+1)(2j−1) | j − 1, k,m >
(80)
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